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0 flpy>KecTBeHHOCTH flepeBbGB 

Kojio^sen ^apbH 
2 ceHT5i6p5i 2015 r. 


AHHOTaij;HH 

BnepBbie noHarae ;],py:acecTBeHHOCTH /i^epeBbeB noHBHjiocb b peme- 
HHH rnnoTesbi Jlan/i^o o nepece^eHHH /i^ByMepnbix c 4 )ep b xpexMepnoM 
npocxpancTBe. 

/J^epeeo dpycHcecmeeHHO npocmoMy nymu^ ecjin pe6pa SToro /i^epeaa 
Mo:acHO npoHyMepoBaTb xax, hto jiio6bix fc, s nyxb me^K^j pe6paMH 
k u k-\-l co;],ep:*:HT jih6o o6a pe6pa k-\-2s^k-\-2s-\-l, jih6o hh o;],Horo 
H3 3THX pe6ep. 

TeopeMa. IJycmh e depeee cyui^ecmeyem nymh, codepcHcatyuu ece 
eepmuHU amoso depeea cmenenu 3 u 6 ojiee. Tosda amo depeeo dpycHce- 
cmeeHHO npocmoMy nymu. 

B paSoxe /i^OKasano eipe o^no ;],ocTaTOHHoe ycjiOBne ;],py:®:ecTBeH- 
HOCTH ^epeBdi h npocxoro nyxH, a TaK:ace KpHTepnii ;],py:acecTBeHHOCTH 
;],Byx ;],epeBbeB, o;],ho h 3 Koxopbix HMeex /i^naMexp 3 . 


1 BBe^eHHe 

1.1 OopMyjiHpoBKH peayjibTaTOB 

B pa6oTe nsynaeTca ^py:*:ecTBeHHOCTb ^epeBbes. 3 to noHHTHe Bnepsbie no- 
HBHjiocb B pemeHHH rnnoxesbi Jlan^o o nepeceneHHH ^ByMepnbix ccjiep b 
TpexMepHOM npocTpancTBe, no^po6Hee cm. nyHKT 1.2. CBe^eHHH nyHKxa 1.2 
HcnojibsyiOTCH tojibko ^OKa3aTejibCTBa yTBep:*:^eHHH 6 h Heo6H3aTejib- 
Hbl flJia nOHHMaHHH pa6oTbi. 

Onpe^ejieHHe (/^py:*:ecTBeHHOCTb npocTOMy nyra). /Jepeeo dpycHcecmeeH- 
Ho npocmoMy nymu^ ccjih pe6pa 3Toro ^epcBa mo:*:ho nponyMepoBaTb xaK, 
HTO jiioGbix /c G N, 5 G Z nyxb^ MeyKjiy^ pe6paMH /c h /c + 1 co^ep:®:HT 

^IlyxeM Me:>K^y peGpaMn 6y;i,eM nasbiBaTb nyxb, KOTopbifi coe;i,HH5ieT neKOTopbie KOHpbi 
3THX pe6ep, HO ne co;i,epHCHT caMH 3 th peGpa. ^jih jiioGoh napbi pasjiHHHbix peGep ;i,epeBa 
TaKOH nyxb cyipecTByeT h e;i,HHCTBeHHeH. 
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Phc. 1. ripHMep ^py:*:ecTBeHHOH nyMepapHH. 


jih6o o6a pe6pa k + 2s^k + 2s + l^ jih6o hh o^noro h3 3thx pe6ep^. CooTBeT- 
CTByK)iii,yio HyMepapHK) TaK:*:e 6y^eM nasbiBaTb dpycHcecmeeHHOu. 

Ha pHcyHKe 1 npHBe^en npHMep ^py:*:ecTBeHHOH nyMepapHH. 

B CTaTbe AbBaKyMOBa [A] 6biji no^H5iT cjie^yioiij^HH Bonpoc. 

OxKpbiTbiH Bonpoc 1. Cyiii,ecTByeT jih ^epeBO, ne HBjiHioiii,eecH ^py:*:e- 
CTBeHHbiM npocTOMy nyTH? 

HailTH OTBBT Ha 3TOT BOHpOC HB y^aJIOCb, O^HaKO HOJiyHeHbl HHTepeCHbie 
pesyjibTaTbi. 




Phc. 2. HpHMcp ^epena, APy- 
HcecTBCHHoro npocTOMy nyTH 
corjiacHO TcopcMC 2. 


Phc. 3. HpHMcp ^epena, APy- 

HcecTBCHHoro npocTOMy nyTH 
corjiacHO TcopcMC 3. 


TeopeMa 2. Uycrnh e depeee cytyecmeyem nymh, codepcncau^uu ece eep- 
muHU 9171030 depeea cmeneHU 3 u 6ojiee. To3da omo depeeo dpycHcecmeeHHO 
npocmoMy nymu. 

HpHMcp ^epcBa, ^pyHcecTBCHHoro npocTOMy nyTH corjiacHO TCopcMC 2, 
npHBe^CH Ha pHcynne 2. 

3TOM onpe;i,ejieHHH sanncb «pe6po k» no;i,pa3yMeBaeT «pe6po no^ HOMepoM k». 
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TeopeMa 3. Ilycmh e depeee cymecmeyem eepmuna^ paccmoHHUH om Komo- 
pou do 6cex 6UCHHUX eepmuH oduHanoeu. Ilycmh mancHce cmeneHU ecex eep- 
muH, He HGJiHKfvyuxcn guchuumu, Hemnu. Tosda omo depeGO dpycHcecmGenHO 
npocmoMy nymu. 

ripHMep ^epeBa, ^py:*:ecTBeHHoro npocTOMy nyTH corjiacHO TeopeMe 3, 
npHBe^eH na pncyHKe 3. 

C4)opMyjiHpyeM rnnoTesbi, KOTopbie, no-BH^HMOMy, mo:*:ho anajiorHHHO 
TeopeMe 3. 

rnnoTesa 4. Jlwdoe depeGO duaMempa ne donee J^-x dpycHcecrriGeHHO npo- 
cmoMy nymu. 

rnnoTesa 5. Jlwdoe depeoo, e KomopoM cmenenu Gcex Gepmun Henemnu u 
cyiyecmGyem Gepmuna, paccmonnun om Komopou do Gcex guchhux Gepmun 
odunanoGU, dpycHcecmGenno npocmoMy nymu. 

C4)opMyjiHpyeM otkpbitbih Bonpoc 7, c KOTopbiM CBasan eiii,e o^hh pe- 
syjibTaT paGoTbi. 4)opMyjiHpoBKH 3Toro pesyjibTaTa nona^oGHTCH necKOjib- 
KO onpe^ejieHHH, cm. pnc. 4. 


Phc. 4. HjijiiocTpapHH k onpe^ejiCHHHM «He penjiacTCii 3a», «He 
3aij,enjieHbi», «KorpaHHij,a». 



MHo:*:ecTBa p m q ne 3 aij,enjieHbi. 
MHo:*:ecTBa a n q ne 3 aij,enjieHbi. 
MHo:*:ecTBO p penjiacTCH 3 a MHo:*:ecTBO a. 
MHo:*:ecTBO a ne penjiHCTca 3 a MHo:*:ecTBO p. 





KorpaHHpa BepniHHbi P. 


riycTb p n q — ^Ba no^MHo:*:ecTBa MHo:*:ecTBa pe 6 ep neKOToporo ^epeBa. 

Onpe^ejieHHe (He penjiHCTca 3 a). MHo:*:ecTBO p ne yenjinemcn sa MHo:*:e- 
CTBO g, ecjiH p n g = 0, H jiioGbix ^Byx pe6ep h 3 p coc^hhhioiij^hh hx 
nyTb B ^epeBe coflep:*:HT neTHoe hhcjio pe6ep h 3 q. 

Onpe^ejieHHe (He BapenjicHbi). MHo:*:ecTBa p n q ne sayennenu^ ccjih p 
He penjiHCTCH sa q n q ne penjincTCH 3 a p. 

Onpe^ejieHHe (KorpaHHpa). KorpaHHpa SP BepniHHbi P — 3 to mhohccctbo 
pe 6 ep, Bbixo^HHi,Hx h 3 Hee. 
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Phc. 5. ripHMep ^py:*:ecTBeHHOH GneKpHH. 


s 


\ 
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Phc. 6. IIpHMep hc ^pyHcecTBCHHOH 6HeKu,HH. 


Onpe^ejieHHe (/^pyHcecTBCHHOCTb b o6nj,eM cmbicjic). ^epcBO Gi nasbiBa- 
CTCH dpycHcecmeeHHUM ^epcBy G25 gcjih cynj,ecTByeT Ghckphh Mcnc^y mho- 
HcecTBaMH Hx pe6ep, npn KOTopott ^jih jiioGbix ^Byx BepniHH P, Q rpa 4 )a 
Gi, coe^HHCHHbix nyTCM h 3 HCTHoro HHCJia pe6ep, naGopbi pe6ep b G2, co- 
OTBCTCTByionj^He SP n SQ^ ne sapenjicHbi b G2. CooTBCTCTByioni^yio Ghckphio 
TaKHce 6y^eM nasbiBaTb dpycHcecmeennou. 

Ha pHcyHKax 5 , 6 npHBe^eHbi npHMcpbi ^pyHcecTBCHHott Ghckphh h 6 h- 
CKpHH, He HBJIHK)HI,eHCH ^pyHCeCTBeHHOH. To, HTO ^epeBO G ^pyHCeCTBeHHO 
npocTOMy nyTH, paBHOCHjibHO TOMy, hto npocTOH nyTb ^pyHcecTBenen jippe- 
Bj G B o 6 Hj,eM CMbicjie. 

yTBep:»c^eHHe 6. /JpycHcecmeeHHOcmh cuMMempunna. BoAee mo 20 , 6 ueK- 
yuH, odpamnan k dpycHcecmeeHHOu duenyuu, HGAnemcn dpycHcecmeeHHOu. 

YTBepHc^eHHe 6 cjie^yeT h 3 TeopeMbi 11 ( AbBaKyMOBa) . O^naKO npHMoe 
KOM6HHaTOpHOe flOKa3aTeJIbCTBO HeH3BeCTHO. 

OneBH^HO, HTO ^Ba ^epeBa MoryT Gbitb ^pyncecTBeHHbiMH tojibko Kor^a 
y HHx o^HHaKOBoe KOJiHHecTBO pe6ep. 

OxKpbiTbiH Bonpoc 7. KaKHe ^epeBbH ^pyHcecTBeHHbi jHo6oMy ^epeBy c 
TaKHM Hce KOJiHHecTBOM pe6ep? 

B 3TOH pa6oTe ^pyHcecTBennocTb jHo6oMy ^epeBy c TaKHM nee KOJinne- 
CTBOM pe6ep ^OKaaaHa ^jih onpe^ejieHHoro Kjiacca ^epeBbCB. OnHmeM 3 tot 
K jiacc. 

Onpe^ejieHHe (n-3Be3^a). ^epeno (H, E) naabiBaeTCH n-seesdou^ ecjiH V = 
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HSBeCTHO, CM. |T|, HTO n- 3 Be 3 ^a ^py:;icecTBeHHa jiio6oMy ^epeay, b koto- 
poM n pe6ep. 

06o3HaHeHHe (CS(ni,712)^). 06o3HaHHM nepea CB{ni^n 2 ) ^epcBO, npe^- 
CTaBji5iK)iij,ee co6oh oG^be^HHCHHC no o^noMy o6nj,eMy pe6py ni-3Be3^bi n 77.2- 

3 Be 3 ^bI. 

OSoBnanenne «CB{ni^n 2 )» nponjunocTpnpoBaHO na pncynKC 7 . Otmc- 
THM, HTO CB{n^ 1 ) — 3 TO n-BBCB^a. 



5-3Be3^a 3-3Be3^a CB{5^3) 


Pnc. 7. HjijnocTpapnn k oGoBnanennnM «n-3Be3^a», «CB{ni^n 2 )». 

B pa6oTe ^OKaaaHO cjie^yioni^ee yTBepnc^enne. 

yTBep:»c^eHHe 8. Kacncdoe U3 depeehee CB{n^2), CB{n^3), CS(n,4) dpy- 
CHcecmeeHHO JiwdoMy depeey c meM cnce KOAUuecmeoM pe6ep. 

SaMenaHHe. Cynj,ecTByeT ^epcBO, ne ^pyncecTBennoe CS(5, 5), KOjinnecTBO 
pe6ep KOToporo coBna^acT c KOjinnecTBOM pe6ep ^epeaa CS(5,5), cm. pnc. 
10 . 


yTBepnc^enne 8 ^OKaabiBacTcn c noMonj^bio cjic^yionj^en TCopcMbi. 

TeopeMa 9 (KpnTepHn ^pyncecTBenHOCTn ^epcBy ^naMCTpa 3). /J^epeeo 
CB{ni^n2) dpycHcecmeeHHO depeey G mosda u moAhKO mosda, Kosda, eo- 
nepeux, \E{G) \ = ni + 7^2 — 1 ; u, eo-emopux, e G cyiyecmeywm dea nodde- 
peea Hi u H2, Komopue nepeceKawmcn poeno no odnoMy pe 6 py, maKue umo 
\E{Hi)\=ni, \E{H2)\=n2. 

TeopcMa 9 necjioncnan. Ee ^OKaaaTejibCTBO ^jin nacTHoro cjiynan Bnep- 
Bbie 6bijio HcnojibBOBano b CTaTbc [A] kbk nacTb ^OKaaaTejibCTBa KOHTpnpn- 
Mcpa K rnnoTCBC Jlan^o^, cm. Tannce [B2]. CaMa TcopcMa 9 BnepBbie 6bijia 
c4)opMyjiHpoBaHa MaTBCCM Ochhobbim, ho ^OKaBaTCjibCTBO tbk h ne 6bijio 
onyGjiHKOBano, nosTOMy oho bkjhohcho b ^annyio paOoTy. 

^CB OT aHrjiHHCKoro contact binary (Tccnan ^Bonnan cncTCMa) — acTponoMnnecKHn 
TCpMHH ^Jin ^BOHHblX SBCS;!,, KOTOpBIC MOryT oGMeHHBaTBCn MaCCOH. 

'^no;i,po 6 Hee o rnnoTCse JlaH;i,o b nynKTC 1 . 2 . 
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1.2 ^py:acecTBeHHocTi> ^epesbeB h rnnoTesa Jlan^o 

noHSTHe dpycHcecmeeHHOcmu nosBHJiocb npn o6o6iii,eHHH cjieflyiomeH rnno- 
Tesbi. 

rnnoxesa 10 (Jlanflo). Uycmb M u N — dea paenoMOtynux Ha6opa nene- 
peceKawiyuxcH OKpyotcHocmeu na c^epe. Tosda cyiyecmeyem napa Kyconno- 
AuneuHux c(fiep e mpexMepnoM npocmpancmee, Komopue mpanceepcaAbHO 
nepecenawmcfi no KoneHHOMy Ha6opy Henepecenawiyuxcfi OKpycncHocmeu, pac- 
noAooiceHHUx e odnou c(pepe kok M, a e dpysou — kok N. 



Phc. 8. HaSopbi OKpyjKHOCTefi 
Ha c4>epe h cooTBexcTByio- 
mee HM nepeceneKHe KycoHHO- 
jiHHefiHbix c4>ep, HJiJiiocxpa- 
pHH H3 |T|^ 


Ha 6 opbi OKpy:*:HOCTeH na ccjiepe h cooTBeTCTByioiij,ee hm nepeceneHne 
KycoHHO-jiHHeHHbix ccjiep H 3 o 6 pa:*:eHbi na pncynKe 8 . ^a^HM cJiopMajibHbie 
onpe^ejieHHH TepMHnaM «TpaHCBepcajibHoe nepeceHeHHe» h «pacnojio:aceH 
KaK». 

Onpe^ejieHHe (TpancBepcajibHOCTb nepeceHennH, cm. [T]). 06 o 3 HaHHM ne- 
pe 3 B{x^ p) C map pa^nyca p c pcHTpoM b x. nepeccHCHHe ^syx Kyconno- 
jiHHCHHbix ccjiep S^T C mpanceepcaAhHO^ ccjih jiio 6 oh tohkh x G 
SnT cyiij,ecTByeT p > 0 TaKoe, hto h S(x, p) \ S', h S(x, p) H (T\ S) coctoht 

H3 ^Byx CBH3HbIX KOMnOHCHT, a KOMnOHCHTa MHo:®:ecTBa S(x, p) \ S 

co^ep:*:HT KOMnoHCHTy MHo:*:ecTBa S(x, p) H (T \ S). 

Onpe^ejieHHe (Pacnojio:®:eH Kax). npeflnojio:*:HM, hto M h N — naGopbi 
H 3 o^HHaKOBoro HHCjia OKpy:*:HOCTeH na KycoHHO-jiHHCHHbix ccjiepax S h T. 
Tor^a M pacnoAOCHceH e S nan N 6 ccjih cctb 6 HeKij,HH Mcnc^y cbhbhbi- 
MH KOMHOHCHTaMH ^OHOJIHCHHH S \ M H T \ N ^ HpH KOTOpOH ^BC CBHBHblC 
KOMHOHCHTbl flOHOJIHCHHH S\M COCC^HHC TOB^a H TOJIbKO TOB^a, KOB^a ^BC 
COOTBCTCTByiOIIJ^He CBH 3 Hbie KOMHOHCHTbl ^OHOJIHCHHH T \ N COCC^HHC. 

BaaHMHOC pacnojiOHccHHC OKpyncHOCTCH na ccjicpc mohcho onncaTb c no- 
MOHJ^bK) BpacJlOB. 
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Onpe^ejieHHe (^BOHCTBeHHbm rpacj)). HycTb M — o6b»e^HHeHHe nenepece- 
Kaioiij,Hxc5i OKpy:*:HOCTeH b KycoHHO-jiHHeiiHOH c4)epe S. Onpe^ejiHM deou- 
cmeeHHUu k M rpacj) G = G{S^ M) cjie^yioiij^HM oGpasoM. BepniHHbi — 
CBHSHbie KOMnoneHTbi ^onojineHHH S\M. BepniHHbi coe^HHHiOTCH pe6poM, 
eCJIH COOTBeTCTByiOIH,He KOMHOHeHTbl — COCe^H. 



Phc. 9. CooTBeTCTBHe MeyK- 

^y Ha6opaMH OKpyHCHOCTeii na 
c4)epe H ^epeBbHMH, hjijho- 
CTpapHH H3 [T]. 


Mohcho HOKasaTb, hto rpacj), ^BoiiCTBeHHbiH k Ha6opy HenepeceKaioiii^Hx- 
CH OKpyxcHOCTeii na c4)epe, HBjineTCH ^epenoM [A]. HpHMepbi ^BOiiCTBeHHbix 
rpa4)OB H3o6paHceHbi na pHcynxe 9. KpHTepnii cyiH,ecTBOBaHHH KycoHHO- 
jiHHeHHbix c4)ep, peajiH3yioiH,Hx to hjih HHoe nepeceneHHe, mohcho onncaTb 
Ha H3biKe ^epeBbeB. 

TeopeMa 11 (ABBaKyMOBa). Uycrnh M u N — dea paenoMOiynux nadopa 
HenepeceKawipuxcH onpycHCHOcmeu na c^epe. Tosda napa KycouHO-Auneunux 
c^ep 6 mpexMepnoM npocmpaHcmee, nomopue mpaHceepcaAhHO nepecena- 
wmcn no KonennoMy Ha6opy Henepecenawiynxcn onpyoiCHOcmeu, pacnojio- 
CHceHHUx 6 odnou c^epe nan M, a e dpysou — nan N, cytyecmeyem mosda u 
moAhKO mosda, Kosda depeehH, deoucmeenHue k nadopaM M u N, dpycHce- 
cmeeHHU. 

^OKaaaTejibCTBO 3 toh TeopeMbi npHBe^eHO b [A]. C noMOiH,bio nee Ab- 
BaKyMOBbiM 6biji HOCTpoeH nepBbiH KOHTpnpHMep K THHOTeae Jlan^o, cm. 
pHC. 10. no3Hce BejioycoBbiM [Bl] 6biji Han^CH ^pyroH, MCHbrnnH (h, ho- 
BH^HMOMy, MHHHMajIbHbm), KOHTpnpHMep, CM. pHC. 11. Cm. THKHCe OJICMCH- 
TapHoe H3JiOHceHHe ochob TeMbi b [T]. 
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2 ^OKasaTejibCTBa 

2.1 /l^OKasaTejibCTBO TeopeMbi 2 

riycTb ^epeBO G y^OBjieTBopaeT ycjiOBHio TeopeMbi 2. Bbe^eM oGosHaneHHH 
HacTen ototo ^epeaa. 

Onpe^ejieHHe (Ctboji). (7meoyi ^epeaa G — 3to nyTb b G, kotopbih co^ep- 
:*:ht Bce BepniHHbi ^epeBa G CTenenn 3 h 6ojiee h Koneu, KOToporo HBjiaeTCH 
BHCHHen BepniHHOH ^epeaa G. 

rioHCHHM, HTO nepeou eepmunou cmeoAa 6yfleM nasbiBaTb nepayio Bep- 
iiiHHy cooTBeTCTByK)iii,ero nyTH, nocAedneu eepmunou cmeoyia — nocjie^nioio. 
nojiHOTbi npHBe^eM ^OKasaTejibCTBO cjie^yK)iii,eH npocToft jieMMbi. 

JleMMa 12. B depeee ydoeAemeopAWUi^eM ycAoeuw meopcMU 2, mochcho 
6u6pamh cmeoA. 

/J^OKaeameAhcmeo. Ho ycjiOBHio TeopeMbi b ^epeBe G cyiij,ecTByeT nyTb p, 
KOTopbiH co^epncHT Bce BepniHHbi CTenenn 3 n 6ojiee. llycTb ero Konen, Q ne 
HBjineTcn Bncnnen Bepninnon. Tor^a y Q CTenenb 2 hjih 6ojiee, n cynj,ecTByeT 
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pe6po e, Bbixo^Hiij,ee h3 Q h ne npHHa^jie:*:aiij,ee nyTH p. npo^oji:*:HM p 
no pe6py e. By^eM npo^ojincaTb p, nona ne ^on^eM bncnnen Bepmnnbi. 
riojiynHM nyTb pi, KOTopbin co^epncHT Bce Bepmnnbi ^epena G CTenenn 3 n 
6ojiee (nocKOjibKy co^epncnT p) n nen Konen, nBjineTcn nncnnen Bepmnnon. 

□ 



Pnc. 12. HjijnocTpapnn k onpe^ejiennnM «ctboji», «BeTKa», «3Beno». 


BbiGepeM b ^epeBe G ctboji n 3a4)nKcnpyeM ero. B ^ajibnenmeM no^ 
cjiOBOM «CTBOJi» Mbi 6y^eM no^pa3yMeBaTb nmenno 3tot 3a4)nKcnpoBannbiH 
CTBOJI. 

Onpe^ejieHHe (BcTKa). Bemna ^epeBa G — 3to nyTb b ^epeBe G 

• nepBan Bepmnna KOToporo jiencnT na CTBOJie, 

• nocjie^nnn Bepmnna KOToporo nBjmeTcn nncnnen, 

• pe6pa KOToporo ne jiencaT na ctbojic. 

BcTKn, B KOTopbix neTBoe KOJinnecTBO pe6ep, 6y^eM naabinaTb uemnuMU^ 
a BeTKn, b KOTopbix neneTnoe — neuemHUMU. Bjinncanmee k CTBOjiy pe6po 
BeTKn 6y^eM naabiBaTb nepeuM^ coce^nee c nmn — emopuM^ n Tax ^ajiee. 
Bncnnee pe6po BeTxn 6y^eM naabiBaTb nocAednuM pe6poM BeTxn. 

Onpe^ejieHHe (Sbeno). m-M seenoM depeea G 6y^eM naBbmaTb no^rpacj) 
^epeBa G, co^epncam^nn 

• m-K) Bepmnny CTBOJia, to cctb Bepmnny CTBOjia, jiejxam,yio na paccTO- 
nnnn m — 1 ot nepnon Bepmnnbi CTBOjia, 

• Bce BCTKn, Bbixo^mn,ne n3 m-n Bepmnnbi, 

• pe6po CTBOjia, Bbixo^mn,ee n3 m-n Bepmnnbi n jiencam,ee na nyTn n3 
nee b nocjie^nioio Bepmnny CTBOjia. 
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06o3HaHHM nepes d KOJinnecTBO pe6ep b ctbojib ^epeBa G. Tor^a Ka:*:^oe 
pe6po flepeBa G jie:*:HT poBHO b o^hom h3 3BeHbeB 1, 2, ..., d. ^ 

Onucanue dpycHcecmeeHHOu uyMepayuu pe6ep depeea G. 

06o3HaHHM Hepe3 ni, n 2 , ..., rid KOJinnecTBa pe6ep b BBenb^x 1 , 2 , . .., 
d, cooTBeTCTBeHHO. ^ajiee pe6pa nepBoro BBena nojiynaT HOMepa ot 1 
ni, pe6pa BToporo BBena nojiynaT HOMepa ot ni + 1 ni + n 2 , ..., pe6pa 
nocjie^nero BBena nojiynaT noMepa ot \E{G) \ — rid + 1 ao |^(G^)|- 

OnnineM nyMepapnio pe6ep BnyTpn BBena, cm. pnc. 13, pnc. 14. 


Phc. 13. AjiropHTM HyMcpapHH pe6ep BnyTpn BBcna. 

06o3HaHeHH5i. 3^ecb «k» oBnana- 
CT TeKyiII,HH HOMCp, CTpCJIKa 03Ha- 
nacT onepapHK) npHCBOCHHH. Hchct- 
Hbie BCTKH oGoBHaHCHbl HCpCB odd[l]^ 
odd[ 2 ]^ ..., odd[ti\^ hx ^jihhbi — ne- 
pe3 Li^i, Li,2, ^1,0- Pe6pa i- 

OH HCHCTHOH BCTKH 0603HaHeHbI HC- 

pe3 0 (i(i[i][l], 0(i(i[z][2], ..., odd[i][Li^i\. 
OGoBHancHHH hcthbix bctok even[l]^ 
e'cen[2], ..., even[t2\^ hx pe6ep h ^jihh 
^ 2,15 ^ 2,25 • • - 5 ^2,^2 anajiorHHHbi. Pe6- 
po BBCHa, jiCHcani^ee na ctbojic, o6o- 
BHanCHO HCpCB etrunk- 

OSoBHaHHM HCpCB ti KOJIHHCCTBO HCHCTHblX BCTOK B y3JIC, HCpC3 t 2 — 
KOJIHHCCTBO HCTHblX. lIpOHyMCpyCM HCHCTHblC BCTKH HHCJiaMH 1, 2, . . . , ti, 
HCTHblC — HHCJiaMH 1, 2, . . . , t2- 

EcJIH B 3BCHC CCTb HCHCTHblC BCTKH, TO CHaHaJia HpHCBaHBaCM HOMCpa 
HX pcGpaM. Ho OHCpC^H npOXO^HM HO BCCM HCHCTHblM BCTKaM H B KaHC^OH 
npHCBaHBacM HOMcpa ot CTBOjia k BHcnncMy pc6py no^pn^: cnanajia pe6paM 
C HCpBOrO HO HOCJICflHCC HCpBOH HCHCTHOH BCTKH, HOTOM pc6paM C HCpBOTO 
HO HOCJIC^HCC BTOpOH HCHCTHOH BCTKH H TaK ^aJICC. 

CjIC^yiOHJ,HH HOMCp HpHCBaHBaCM pc6py 3BCHa, JICHCaiH^CMy Ha CTBOJIC. 
EcJIH B 3BCHC CCTb HCTHblC BCTKH, TO HCpCXO^HM K HHM. HyMCpapHH pC- 

6cp HCTHblX BCTOK ^ByxoTaHHa. Cnanajia no OHcpc^H npoxo^HM no bccm hct- 
HblM BCTKaM 1,2, . . . , t 2 H B KaJK^OH HpHCBaHBaCM OHCpC^HOH HOMCp pc6py, 

^Hmchho stovo naM noHa;i,o6Hjiocb, htoGbi nocjieji,HHH BepniHHa CTBOJia Gbijia bh- 
CHHeH. Hnane peGpa bctok, HaHHHaioipHxcH b nocjie;i,HeH Bepninne CTBOJia, ne jie:acaT hh b 
0;i,H0M H3 SBCHbCB. 


for i ^ 1, 2,..., do 

for j ^ 1 , 2 ,... do 
oc?c?[z][j] k 
k <— k + 1 

^trunk ^ k 

k k + 1 

for z ^ 1, 2,..., ^2 do 

et»en[i][l] k 
A: A: + 1 

for z ^ 2 , ^2 — 1, • • •; 1 do 
for j -^ 2 , 3 ,..., L 2 ,j do 
even[i][j] ^ k 
k <— k + 1 
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Phc. 14. ripHMep nocTpoeHHH nyMepapHH SBena. 


6jiH:*:aHmeMy k CTBOJiy. Hotom npoxo^HM no noTHbiM BOTKaM b o6paTHOM 
nopn^Ke n b Kanc^on botko nymepyeM ocTaBmnecn pe6pa ot CTBOjia k bh- 
cnneMy pe6py. Cnanajia pe6pa co BToporo no nocjie^nee t 2 -& noTnon BOTKn. 
Hotom pe6pa co BToporo no nocjie^nee npe^nocjie^nen ncTnon BCTKn n Tan 
^ajiee. Hocjie^nnMn b SBcne nyMcpycM pe6pa co BToporo no nocjie^nee nep- 

BOH nCTnOH BCTKn. 

^ajiee b ^OKasaTCjibCTBC TcopcMbi 2, TaM, r^e oto yMCCTno, mm 6y^eM 
ncnojibsoBaTb sanncb «pe6po k» Kan C0Kpanj,enne ^jin cjiob «pe6po, nojiy- 
nnBniee noMcp k b nocTpoennon naMn nyMepan,nn». ^Jin ^OKasaTCJibCTBa 
TCopcMbi 2 naM nona^o6nTcn cjie^yionj^ee onpe^ejienne. 

Onpe^ejieHHe (CaMOCTonTCjibnocTb). By^cM roBopnTb, hto noMcp k ca- 
MOcmoHmejieH^ ecjin b nocTpoennon naMn nyMcpapnn ^jin nponsBOjibnoro 
pcjioro s nyTb Mcnc^y /c n /c + 1 b ^epcBC G co^epncnT jin6o o6a pe6pa 
/c + 25, /c + 25 + 1, jin6o nn o^noro ns OTnx pe6ep. 

OncBn^no, hto ^pyncecTBcnnocTb ^epena G npocTOMy nyTn OKBnnajienT- 
na caMOCTonTCJibnocTn bccx noMcpoB. A caMOCTonTCJibnocTb noMcpa k ok- 
BnnajienTna TOMy, hto pe6pa na nyTn Mcnc^y /c n /c + 1 Moncno pasGnTb na 
napbi, Tanne hto Kanc^an cocTonT ns pe6ep A;+ 25, A;+ 25 + 1 ^jin ncKOToporo 
pcjioro 5. 
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Phc. 15. k — BHCHHee pe6po 

HeneTHOH BeTKH. 


Phc. 16. k — bhchhcc pe6po 

HCTHOH BCTKH. 


^jiH HOMcpoB A;, TaKHx, HTO pe6pa A; h A; + 1 hmciot o6nj,yK) Bepninny, 

CaMOCTOHTeJIbHOCTb OHCBH^Ha. 

riycTb Tcnepb pe6pa A; h A;+l hc hmciot o6Hi,eH BcpiHHHbi. Ho nocTpocHHio 
TaKOe B03M0HCH0 TOJIbKO KOT^a k — BHCHHCe pe6pO BCTKH. 06o3HaHHM HCpC3 
i HOMCp 3TOH BCTKH, HCpC3 L — CC ^JIHHy, HCpC3 TU — HOMCp y3Jia, KOTOpOMy 
OHa npHHa^JICHCHT. 

Cjiynail: L HenemHO, cm. pnc. 15. Ho nocTpocHHio A: + 1 — jih6o ncpBOC 
pc6po ^pyroH hchcthoh bctkh m-ro 3BCHa, jih6o pc6po CTBOJia m-ro 3BCHa. 
B o6ohx cjiynanx pc6po A; + 1 cmchcho c m-H bcphihhoh CTBOJia. HosTOMy 
MCHc^y pe6paMH A; h A; + 1 jiCHcaT pe6pa i-Vi hchcthoh bctkh h tojibko ohh. 
Mbi HyMcpoBajiH pe6pa BHyTpn HcncTHbix bctok no^pn^, nosTOMy pe6pa i-Pi 
HCHCTHOH BCTKH — 3TO A; — L + 1, A: — L + 2, ..., A: — 1, k. PaccMaTpHBacMan 
HaMH BCTKa HCHCTHan, no3TOMy MCHc^y pcGpaMH A; H A; + 1 jichcht hcthoc 
KOjiHHCCTBO pe6cp. KpoMC 3Toro, HOMcpa A; — L + 1 H A; hmciot o^HHaKOByio 
HCTHOCTb. Pa3o6beM pe6pa Mcnc^y pcGpaMH A; h A; + 1 na napbi Tan: 


(A: - L + 1, A; - L + 2),..., (A: - 2, A: - 1). 


Kanc^an h3 3thx nap coctoht h 3 pe6cp A; + 25, A; + 25 +1 ^jih HCKOToporo 
pcjioro 5. A 3HaHHT, HOMCp k CaMOCTOHTCJICH. 

Cjiynail: L — uemHO, cm. pnc. 16. Ecjih i = l, toA: + 1 — 3to pc6po, 
HC npHHafljiCHcaiH^cc m-My 3BCHy h cmchchoc c bcphihhoh CTBOJia, hmciohi,ch 
HOM cp m +1. B ocTajibHbix cjiynanx A; +1 — 3to GjinHcanmcc k CTBOjiy pc6po 
HCTHOH BCTKH C HOMCpOM i — 1. TaKHM o6pa30M, MCHC^y pc6pOM A; + 1 H 
m-H BCpiHHHOH CTBOJia JICHCHT C^HHCTBCHHOC pc6pO. 06o3HaHHM CTO HCpC3 1. 
riojiynacTCH, hto MCHc^y pe6paMH A: h A; -h 1 JiCHcaT pe6pa Ait hcthoh bctkh 
H pc6pO 1. Ho HOCTpOCHHK), GjIHJKailHICC K CTBOJiy pc6pO Ait HCTHOit BCTKH 
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HMeeT HOMep / +1, a ocTajibHbie pe6pa 3 toh BeTKH — 3 to /c — L + 2, /c — L + 3, 
..A; — 1, /c. PasoGbeM pe6pa Me:*:^y peGpaMH A; h A; + 1 na napbi Tax: 


(/, / + 1), (A; - L + 2, A; - L + 3),..., (A; - 2, A: - 1). 

To, HTO Ka:*:^aH h3 ocTajibHbix nap (A: — L + 2,A; — L + 3),...,(A: — 2,A: — 1) 
cocTOHT H3 pe6ep A; + 25, A; + 25 + 1 ^jin noKOToporo pejioro 5, cjie^yeT h3 
neTHOCTH L. 

^OKanceM, hto k — I noTHO. Hhcjio k — I pabno KOJinnecTby pe6ep / + 1, 
/ + 2, .. ., A; — 1, k. Oho hotho. Tan nan no nocTpoennio pe6pa / + 1, / + 2, 
..., A; — 1, k — 3TO Bce pe6pa i-n noTnon botkh, a Tannce Bce pe6pa hothbix 
BOTOK, nojiynnBmnx nomepa 6ojibniHe, hom i. 

TaKHM o6pa30M, nomep k caMOCTonTejien n b 3tom cjiynae. 

□ 


2.2 ^OKasaTGJibCTBO TeopeMbi 3 

Otmothm, hto ABBanyMOBbiM npe^jionceno 6ojiee npocToe, ne Hcnojib3yionj,ee 
HH^yKpnio flOKa3aTejibCTBO TeopeMbi 3. O^naxo b pa6oTe npe^jiaraeTcn nn- 
^yxTHBHoe ^OKa3aTejibCTBO, nocKOjibny xanceTcn, hto ero npoin,e o6o6in,HTb 
^jin ^OKaaaTejibCTBa rnnoTea 4 n 5. 

^jin ^OKaaaTejibCTBa TeopeMbi 3 mbi ^oxanceM 6ojiee cnjibnoe yTBepnc^e- 
nne 13. ^Jin toto, nTo6bi ero c4)opMyjiHpoBaTb, BBe^eM cjie^yioni,He o6o3Ha- 
nennn. 

06o3HaHeHHe (Bncnnne pe6pa). ^Jin ^epeBa G 6y^eM oGoananaTb nepea 
H(G) MHoncecTBO ero Bncnnnx pe6ep. 

06o3HaHeHHe (Snax cpaBneHnn). IlycTb p, C Z. By^eM roBopnTb, hto 
p < ecjin Ve G p. Vie G q Bbinojineno e < ir, cm. pnc. 17. 

riycTb e G Z, g C Z. By^CM roBopnTb, hto e < q^ ecjin \/w G q Bbinojineno 
e < w. 


fi 




Pnc. 17. p < q 
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Onpe^ejieHHe. By^eM roBopHTb, hto 6HeKij,HH ip : E(G) {1, 2,... \E{G)\} 
H3 MHo:*:ecTBa pe6ep ^epeBa G bo MHo:*:ecTBO pe6ep npocToro nyTH HBjiHeTCH 
AucmoKpauHou^ ecjiH BbinojiHeno cbohctbo 

<f(E(G)\H(G))<■^:,{H(G)). 

yTBep:»c^eHHe 13. Ilycmh G — depeeo, ydoGAemeopnwiyee ycAoeuw meo- 
peMU 3. Tosda cyiyecmeyem AucmoKpauHan dpycHcecmeeHHaA duenyun p : 
E{G) ^ {1, 2,..., \E{G)\} . 

BbH^y CHMMeTpHHHOCTH ^py:*:ecTBeHHOCTH (cm. yTB. 6) H3 yTBep:*:^eHHH 
13 cjie^ycT TCopcMa 3. Bojiee Toro, 6HeKij,HH, o6paTHaH k nocTpocHHon b ^o- 
KaBaTCjibCTBC yTBep:*:^eHHH 13, 3a^aeT ^py:®:ecTBeHHyK) HyMcpapnio pe6ep 
^epcBa G. ^OKa3aTejibCTBa yTBep:*:^eHHH 13 bbc^cm o6o3HaHeHHH. 

06o3HaHeHHe (Bhchhhc BepniHHbi). ^epcBa G o6o3HaHHM nepcB L{G) 
MHo:*:ecTBO ero bhchhhx BepniHH. 

06o3HaHeHHe {G'). ^epcBa G o6o3HaHHM nepes G' ^epcBO, y KOToporo 
y = v{G) \ L(G), E = E{G) \ H{G). 

06o3HaHeHHe {fpa{e)). B ^epcBc G, ccjih H{G') ^ 0, to ^ji5i pe6pa e G 
H{G) 6y^eM o6o3HaHaTb CMe:*:Hoe c hhm pe6po h3 H{G') Hepe3 fpa{e). 

06o3HaHeHHe {fpa{e)). B ^epcBc G, pe6pa e G H{G') Gy^cM o6o- 
BHanaTb nepcB fpa{^) Mo:*:ecTBO pe6ep h3 H{G)^ KOTopbie hmciot o6iij,yio 
BepniHHy c e. 

06o3HaHeHHH «G'», «fpa{e)» npOHJIJIIOCTpHpOBaHbl pHCyHKOM 18. 



Phc. 18. HjijiiocTpapHH k oGoBHaneHHHM «G'», «fpa{^)»- 


HauaAO doKasameAhcmea ymeepcncdeHUA 13. 06o3HaHHM nepcB G Bepninny 
^epcBa G, paccTOHHHC ot KOTopoft ^o Bcex bhchhhx BepniHH o^nnaKOBO. 
06o3HaHHM Hepe3 p paccTOHHHe ot G ^o bhchhhx BepiHHH ^epeBa G. By^eM 
^OKa3biBaTb yTBepHc^eHHe 13 HH^yKpneH no p. 
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Basa Kor^a p = 0, TpHBHajibHa, Tax KaK b 3tom cjiynae ^epeBO 

G COCTOHT H3 O^HOH BepniHHbl. 

riycTb p > 0. npe^nojio:*:HM no HH^yKpnn, hto ^jin jiioGoro ^epoBa Gi, 
B KOTopoM Bce BHcnnHO BepniHHbl naxo^HTcn na paccTonnnn pi < p ot neno- 
TopoH BepniHHbl, a Bce ne BHCHnne BepniHHbl HMeiOT neTHyio CTenenb, cyni^e- 
CTByeT jiHCTOKpaHHan ^pyHcecTBennan 6HeKH,HH b npocToii nyTb. SaMeTHM, 
HTO K flepeBy G' npHMeHHMO npe^nojionceHHe HH^ynpHn. Shbhht, cyin^ecTBy- 

eT jiHCTOKpaiiHaH ^pyncecTBeHHan 6HeKH,H5i ip' : G' {1, 2,..., |£'(G')|}. 
OneBH^HO, cyiH^ecTByeT ee npo^ojincenne p : G ^ {1, 2,..., |£'(G)|}, o6jia- 
^aioiH,ee cbohctbom npomueoxoda: 

^jiH jho 6 oh napbi pe6ep ei, 62 G H{G) 

BepHO (p{fpa{ei)) < (p{fpa{e2)) ^ (p{ei) > (^(ea) 

ripHMep TaKoro npo^ojinceHHH H3o6paHceH na pHcynne 19. 



Phc. 19. lIpo^ojiHceHHe jihcto- 
KpaHHOH 6HeKH,HH, o6jia^aioHi,ee 

CBOHCTBOM npOTHBOXO^a. 


Ohcbh^ho, nocTpocHHan Ghckphh p ^bjihctch jiHCTOKpanHoii. ^jih ^ona- 
3aTejibCTBa mara HH^yKpnn ocTajiocb ^OKaaaTb ee ^pyncecTBeHHOCTb. HaM 
noHa^o6HTCH cjic^yioiH^an jicMMa. 

JleMMa 14 (O HcneTHOCTH). Ilycmh G — depeeo, ydoGAemeop^wipee ycjio- 
6UW meopeMU 3. Ilycmh G^Q^P — eepmunu amoso depeea^ manue, umo 
G naxodumcn omo ecex eucHUUx eepmun na odunanoeoM paccmonnuu p, 
eepmuna Q — eucnnan, eepmuna P — CMecHcnan c eucnueu, gosmochcho, 
dpysou. Tosda paccmoHHue om P do Q HenemHO. 

/J^OKasameAhcrnGO. Cm. pnc. 20. PaccTOHnne ot BepniHHbl Q ^o G paBHO p. 
PaCCTOHHHC OT BCpHIHHbl P flO G paBHO p — 1. llyCTb T — KOJIHHCCTBO o6hI,HX 
pe6ep nyTcii ot Q ^o G h ot P ^o G. Tor^a paccTOHHHe Menc^y Q b. P paBHO 
(p — r) + (p — 1 — r) = 2(p — r) — 1, a BnanHT neneTHO. □ 

UpodoACHcenue doKaGameAhcmGa yrnGepcHcdenuA 13. Hmccm V{G) = L(G)U 
L{G') U L{G") U V{G'") MajICHbKHX p HCKOTOpbie H3 3THX MHOHCeCTB 

nycTbi). B Ta6jiHH,e na pnc. 21 na nepeceneHHH CTpoKH h CTOjiGpa ynaBan 
cjiynaH, b KOTopoM ^onaBano, hto o6pa3bi KorpaHHii, BepniHH, jicncaiii^Hx b 
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Phc. 20. JleMMa o HeneTHOCTH. 

C00TBeTCTByK)iij,Hx MHo:*:ecTBax h Haxo^5iiij,Hxc5i APyr ot APyra na Henyjie- 
BOM HeTHOM paccTOHHHH, HB 3aij,enjieHbi. 


Phc. 21. Ta6jiHu,a hokpbithh cjiynaHMH. 



L(G) 

L{G') 

L{G") 

V{G"') 

L(G) 

2 

1 

5 

4 

L(G') 

1 

6 

1 

4 

L(G"') 

5 

1 

3 

3 

vIg'") 

4 

4 

3 

3 


Cjiyuau 1: P G L{G')^Q G L{G) U L{G"). BepniHHbi h3 L{G") jichcbt 

Ha HCHCTHOM paCCTOHHHH OT P COTJiaCHO JICMMC 14 O HCHCTHOCTH, HpHMC- 
HCHHOH K ^epCBy G'. BepHIHHbl H3 L{G) JICHCaT Ha HCHCTHOM paCCTOHHHH OT 

P corjiacHO jicmmc 14 o hchcthocth, hphmchchhoh k ^cpcBy G. SnanHT, b 
3TOM cjiynac bcphihhbi P h Q hc MoryT jiCHcaTb APyr ot APyra na hcthom 
paCCTOHHHH. 

CAyuau 2: PjQ ^ L{G). 06pa3bi y:){8P) h y:){5Q) KorpanHu, bcphihh P h 
Q, jiCHcaHj,Hx APyr ot APyra na hcthom paccTOHHHH, hc aapcnjiCHbi, thk KaK 
KaHc^biii coflcpHCHT Bccro o^HO pc6po. 

CAyuau 3: P,Q e V{G'") U L{G"). Pa3 P, Q G V{G'") U L{G"), to 
SQ C E{G') H 5P C E{G'). Tor^a h3 toto, hto Lp — npo^ojinccHHC APy- 

HCCCTBCHHOH 6hCKU,HH if' \ E{G') {l, 2, . . . |P(G') |}, CJIC^yCT, HTO o6pa3bI 

(p{SP) H (p{SQ) HC 3au,cnjiCHbi. 

CAyHau 4: P G V{G'"), Q G L(G') U L(G). Tax KaK Q G L{G') U L(G), 
TO SQ C H{G') U H{G). SaMCTHM, hto SP C E{G) \ {H{G') U H{G)), a 3Ha- 

HHT P>{SP) < (p{SQ)^ H3-3a JIHCTOKpailHOCTH 6hCKU,HH (f H JIHCTOKpaHHOCTH 

6hcku,hh (p\ Cjic^OBaTCJibHO o6pa3bi (p{SP) h (p{SQ) hc aapcnjicHbi. 
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CAyuau 5: P G L{G"), Q G L{G). Tax KaK Q G L{G), to 5Q C H{G). 
SaMOTHM, HTO 5[P) C E{G) \ H(G), a snaHHT (p{SP) < (p{SQ) H3-3a jih- 

CTOKpafiHOCTH 6HeKII,HH ip H JIHCTOKpaHHOCTH SneKpHH if'. CjICflOBaTejIbHO 
o6pa3bi (p{SP) H (p{SQ) He sapenjieHbi. 

CAyuau 6: P,Q G L(G"), cm. pnc. 22. /^OKanceM, fljia Bcex nap pasjiHHHbix 
P,Q & L{G'), HTO ip{SP) H (p{SQ) ne sapenjienbi. 

Ecjih H{G') nycTO, to p = 1 h L{G') coctoht h3 o^hoh BepniHHbi, a 
3HaHHT BbiSpaTb Hapy pa3JIHHHbIX BepniHH H3 L{G') HeB03M0JKH0. IlyCTb 
Tenepb H{G') ne nycTO. IlycTb pe6po ep G H{G') CMejKHO c P, pe6po eq G 
H{G') CMejKHO c Q. Ha toto, hto P r Q pasjiHHHbi, cjieflyeT, hto ep r eq — 
3TO pasHbie pe6pa. Hpe^^nojioncHM 6e3 noTepn o6hi;hocth, hto ip{ep) < ipieg). 



Phc. 22. CjiynaH 6. 

Hcho, hto 5Q = {eq} U fpa^eg), 5P = {ep} U f~a{ep). 

Ho HaniGMy npeflnojioncenHio (p(ep) < (p(eQ). Hh toto, hto eq G E{G) \ 
H{G), fpaieq) C H{G) r jiHCTOKpaitnocTH Shgkphh ip cjieflyeT hto ipieg) < 
V^ilpai^Q))- H3 CBOHCTBa HpOTHBOXOfla cjieflyeT, HTO (pi/paieg)) < (pifpa\ep)) 

CjieflOBaTejibHO ip{ep) < (p(SQ) < ‘Pifpai^p))- nyTH Menc^y KonpaMH 
pe6ep H3 ip{SQ) ne coflepncaT pe6ep h3 ip{5P), nosTOMy ip{SQ) ne penjineTcn 
3a ip(5P). HyTH Menc^y KonpaMH pe6ep h3 ip{5P) jih6o hg coflepncaT pe6ep 
h3 ip{5Q), jih6o coflepncaT bcg peSpa h3 (p(SQ). Bepninna Q hmggt neTnyio 
CTenenb no ycjiOBHio TeopeMbi, cjieflOBaTejibno b ip{SQ) hgthog kojihhgctbo 
pe6ep. nojiynaeTca, hto r oGpas ip{SP) hg penjiaeTca sa oGpaa ip(5Q). 

Mbi paaoGpaan bcg cayaan, tgm caMbiM flonasaan ^pyacecTBennocTb no- 
CTpoennoro npofloancenna, a snaanT mar HHflyKpnn n yTEepacflenne 13. □ 
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2.3 ^OKasaTGJibCTBO TeopeMbi 9 

06 o 3 HaHHM Hepes Ci H C 2 BepniHHbl CS ( 77 . 1 , 77 . 2 ), H 3 KOTOpbIX HCXO^HT 77.1 H 
77.2 pe 6 ep, COOTBeTCTBeHHO, CM. pHC. 23. 



Phc. 23. CS(5,3). o O. TT 

Phc. 24. lipHMcp ^py:*:ecTBeHHOH oh- 

eKU,HH. 


/JoKadameAhcmeo docmamouHocmu e meopeMe 9. IlycTb Hi n H 2 — no^^e- 
pcBbH H 3 ycjiOBHH TcopcMbi. IlycTb 6 — pe 6 po, no KOTopoMy OHH nepece- 
KaiOTCH. riocTpoHM ^pyHcecTBCHnyio GneKpHK) (f : £'(CS( 77 .i, 77 . 2 )) ^ E{G) 
Tax: 


• (p{CiC2) := e, 

• ocTajibHbie pe6pa KorpaHHu,bi SCi npoH3BOJibHO nepexo^HT b ocTajib- 
Hbie pe6pa, npHna^jicncanj^HC E{Hi)^ 

• ocTajibHbie pe6pa KorpaHHu,bi 5 C 2 npoH3BOJibHO nepexo^HT b ocTajib- 
Hbie pe6pa, npHna^jicncanj^HC E{H 2 ). 

ripHMCp nOCTpOCHHOH TaXHM o6pa30M 6HeKU,HH H3o6paHCeH Ha pHCyHKC 24. 
^OKanccM, HTO (f ^pyHcecTBCHHan. 5 Icho, hto o6pa3 KorpaHHu,bi xanc^OH Bcp- 
HIHHbl ^epCBa ( 75 ( 77 . 1 , 7 ^ 2 ) CBHBCH. 06pa3bl (p{6Ci) H (p{SC 2 ) CBH3HbI HO HO- 
CTpoeHHK). 06pa3 xorpaHHu,bi jho6oh ^pyroH BepniHHbi CBnaen, Tax xax co- 
CTOHT H3 o^Horo pcGpa, h6o Bce BepniHHbi (75(77.1, 77 . 2 ), xpoMe Ci m C 2 — 
BHCHHHe. 3 to 3HaHHT, HTO HyTH MCHc^y xoHpaMH pe6ep O^HOil XOrpaHHpbl 
BOo6Hi,e He co^epncaT pe6ep ^pyrnx xorpaHHu,. HosTOMy GnexpHH (p ^pynce- 
CTBeHHan. □ 

^jiH ^oxaaaTejibCTBa Heo6xo^HMOCTH b TeopeMe 9 hhm noHaflo6HTCH yTBep- 
Hc^enne 15. 
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yTBep^cfleHHe 15. Uycmh — dpycHcecmeeHHaH Suenyufi Meotcdy CB{ni,n 2 ) 
u HeKUM depeeoM. Tosda ip{5C\) u ip[5C2) ~ cenaHue^ MHOotcecmea. 

/JoKaaameAhcmeo. ^OKaaceM ot npoxHBHoro. IlycTb ip{SCi) ne aBjiaeTcs 
CBHSHbiM MHOJKecTBOM. ToFfla cymecTByeT nyxb MejK^y KonpaMH pe6ep, npn- 
HafljieacamHx (p{SCi), coflepjKaipHH xoxa 6bi o^ho pe6po e ne h3 (p(SCi). 
PaccMOxpHM ip~^{e). 

5Icho, hto E{CB{ni,n2)) coctoht hs: 

• pe6pa C 1 C 2 , 

• BHCSHHX peSep, BblXO^aiUHX H3 Cl, 

• BHCSHHX peSep, BblXO^aiUHX H3 6*2 • 

Pa3 (p~^(e) ^ SCi, TO — BHcaaee pe6po, CMeacnoe c C 2 . Ero BTopofi ko- 

Heu; — 3TO HeKaa BHcaaaa BepniHHa Q, naxoflaipaaca na aexHOM paccxoaHHH 
OT Cl - MnoacecTBO, cocxoamee h3 cp~^(e), aBjiaexca KorpaHHpefi BepuiHHbi Q. 

TaKHM o6pa30M, nyxb Meac^y KonpaMH pe6ep o6pa3a ip{5Ci), coflepaca- 
mHH pe6po e, coflepacHT HeaexHoe KOJiHaecxBO pe6ep h 3 (f>{SQ). Snaanx, 06- 
pa3 ip(5Ci) 3aii,enjieH c o6pa30M ip(5Q). npoTHBopeane. 

AHajioxHaHO flOKa3biBaexca, axo ip{SC 2 ) — CBa3Hoe MHoacecxBO. 

□ 

/(oKaaameAbcmeo Heo6xoduMOcmu e meopeMe 9. Ilycxb cymecxByex flpyace- 
CTBCHHaa SaeKpaa ip : E{CB{ni,n 2 )) E{G). Torpa ip[5Ci) h ip{5C2) caas- 
Bbi coraacBO yxBepacpeaaK) 15 a ip{8Ci) fl ip{8C2) = (p{CiC2)- IloppepeBba 
Hi a H2, aba MBoacecxBa peSep — axo ip{8Ci) a ip[8C2), cooxEexcTBeaBO, 
aBaaioxca hckombimb aoppepeBbaMH. □ 

2.4 /l^OKasaTejibCTBO yTBep:»cfleHHa 8 

^aa poKaaaxeabCTBa yxBepacpeaaa 8 poKaaceM caepyioa^ee. 

JleMMa 16. Hycmb n paeno 2, 3, uau 4. Hycmh e depeee G KOAunecmeo 
pe6ep He Meubiue n. Tozda e E{G) mochcho eu6pamt> dea nodMHOofcecmea 
El u E 2 , Komopue nepecenawmcfi poeno no odnoMy pe6py, maKue, nmo co- 
omeemcmey'K)iu,ue um noddepeehA cgashu, \Ei \ = \E(G)\ — n-\-l, \E 2 \ = n. 

®nofl CBSSHbiM MHoacecTBOM pe6ep pepeBa mbi noppasyMeBaeM MHoacecTBO pe6ep pe- 
peBa TaKoe, hto na jiio6om nyTH Meacpy pe6paMH SToro MHO»:ecTBa jie»:aT tojibko pe6pa 
3Toro MHoacecTBa. 
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Phc. 25. n = 3, deg Q > 2 . Phc. 26. n = 3, deg Q = 2 . 

Hs jieMMbi 16 H TeopeMbi 9 6 y^eT cjie^obaTb, hto ^epebba (PS(n,2), 
CB{n^3) H (PS(n,4) ^py:*:ecTBeHHbi jiiodoMy ^epeBy. ^OKasaTejibCTBa 
jieMMbi 16 noHa^o 6 HTCH o6o3HaHeHHe. 

06o3HaHeHHe (degQ). BepniHHbi Q o6o3HaHHM Hepe3 degQ ee CTe- 

neHb. 

/J^OKasamejihcmeo acmmu 16 djiH n = 2. 06o3HaHHM Hepe3 e neKOTopoe bh- 
CHHee pe6po ^epeBa G, a nepea w — pe6po, HMeioin^ee c e oGiu^yio Bepninny. 
B03bMeM 

El :=E{G)\{e}iiE2 := {e,w}. 

5Icho, hto no^^epeBBH, cooTBeTCTByioiij^He Ei n E2^ cbhbhbi. □ 

/^OKasameAhcmeo acmmu 16 djiH n = 3. 06o3HaHHM nepea P BHCHnyio Bep- 
iiiHHy ^epeBa G, a nepea Q — KaKyio-HHGy^b h3 BepniHH, jie:*:aiij,Hx ot P na 
MaKCHMajIbHOM paCCTOHHHH. OneEH^HO, Q — BHCHHaH BepniHHa. 06o3HaHHM 
Hepe3 Q' BepniHHy, CMe:*:HaH c Q. Bepninna Q' ne HEjiaeTCH BHCHHeii h ne 
coBna^aeT c P. 06o3HaHHM nepea Q" Bepninny, CMe:*:Hyio c Q' h jie:*:aiii,yio 
na nyTH h3 Q' b P (BepniHHbi Q" h P MoryT coBna^aTb). 

CAyuau: degQ' = 2, cm. pnc. 26. B 3 tom cjiynae BepmHHa Q" ne mohcct 
6biTb BHCHHCH. Bhhhht Q" hc coBHa^acT c P. 06o3HaHHM Hepe3 Q'" BepniHHy, 
CMCHCHyio c Q" H jieHcaiH,yio na nyTH h 3 Q" b P (BepniHHbi Q'" h P Moryn 
coBna^aTb). Bo3bMeM 

El := E{G) \ {QQ', Q'Q"} h E^ := {QQ', Q'Q", 

5IcHO, HTO HO^^epCBbH, COOTBCTCTByiOIH^He Pi H P 25 CBH3HbI. 

Cjiyuau: deg Q' > 2, cm. pnc. 25. 06o3HaHHM nepcB A Bepninny, CMencHyio 
c Q', H He coBna^aioiH,yio c BepniHHaMH Q ^ Q''. Bo3bMeM 

El := P(G) \ {QQ',^Q'} h E^ := {QQ', Q'Q"}. 
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Phc. 27. n = 4, deg Q > 3. Phc. 28. n = 4, deg Q = 3. 

rio^epeBO, cooTBeTCTByioiii,ee £”2, oneEH^HO, cbhsho. HTo 6 bi ^OKasaTb, 
HTO no^epeBO, cooTBeTCTByioiij^ee £1, cbhsho, ^ocTaTOHHO yde^HTbca b tom, 
HTO BepniHHa A — BHCHHaa. ^ettcTEHTejibHO, ecjiH Bepninna A ne HBjiHeTCH 
BHCHHeii, Tor^a Bepninna, CMe:*:HaH c ^4 h ne coBna^aioiij^aH c Q', naxo^HTca 
OT BepniHHbi P Ha dojibmeM paccTOHHHH, neM Bepninna Q. npoTHBopenne. 

□ 

/J^OKasameAhcmeo acmmu 16 Oah n = 4. OGosnaHHM nepes P BHCHHyio Bep- 
niHHy ^epeBa G, a nepes Q — KaKyio-HHdy^b h 3 BepniHH, jiencani^Hx ot P na 
MaKCHMajibHOM paccTOHHHH. OneBH^HO, Q — BHCHHan BepniHHa. OdosnaHHM 
nepes Q' BepmHHy, CMencHan c Q. BepmHHa Q' ne HEjineTcn BHCHHen h ne 
coBna^aeT c P. OdosnaHHM nepes Q" BepmHHy, CMencHyio c Q' h jieHcam^yio 
Ha nyTH h 3 Q' b £ (BepmHHbi Q" h P MoryT coBna^aTb). Paccync^enHeM 
OT npoTHBHoro, KOTopoe HOBTopneT npoBe^eHHoe b paadope cjiynan «n = 3, 
degQ' > 2», ^OKa3biBaeTCH, hto Bce BepmHHbi, KpoMe Q", CMencHbie c Q', 

HBJimOTCH BHCHHHMH. 

CAyuau: degQ' > 3^ cm. pnc. 27. 06o3HaHHM Hepe3 Ai^ A 2 BepmHHbi, 
CMCHCHbie c Q' H He coBna^aiom^He c Q h Q". Bo3bMeM 

£1 := £(G) \ {QQ', A , Q \ A ^ Q '} h £2 := {QQ', A , Q \ A ^ Q ', Q'Q"}. 

Ilo^epeBO, cooTBecTByiom,ee £2, ohcbh^ho, cbhbho. BepmHHbi Ai^ A2 
HBJimOTCH BHCHHHMH, 3HaHHT, H HOTTepCBO, COOTBCTCTByiOm^ee £ 1 , CBH3HO. 

C Ay nail: degQ' ^ 3. Ecjih Q" — BHCHHan BepmHHa h degQ' ^ 3, to b 
^ epcBC G He dojiee Tpex pedep, hto npoTHBopcHHT ycjiOBHio jicmmei. Shheht, 
npH deg Q' ^ 3 BepmHHa Q" ne hejihctch bhchhch. Cjie^OBaTCJibHO BepmHHa 
Q" He coBna^aeT c P. 06o3HaHHM nepea Q'" BepmHHy, CMCHCHyio c Q" h 
jieHcam,yio na nyTH h3 Q" b P (bepmHHbi Q'" h P MoryT coBna^aTb). 
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p 



Phc. 29. n = 4, 
deg(5' = 2, 

degg" = 2. 



deg Q' = 2, 

deg Q" > 2, 

A — BHCSHaa. 


P 



Phc. 31. n = 4, 

deg Q' = 2, 

deg Q" > 2, 

^ — He BHCHHaa. 


UodcAyHau: deg Q' = 3, cm. pnc. 28. OdosnaHHM nepes A BcpmHHy, cmcjk- 
Hyio c H He coBnaflaioH^yio c BepmHHaMH Q m Q". BoabMCM 

El := E{G) \ {QQ', AQ', Q'Q"} h E^ := {QQ\ AQ', Q'Q\ Q"Q"'}. 

5Icho, hto HOAgepeBbH, cooTBexcTByioH^He Ei m E 2 , CBHSHbi. 

UodcAyuau: degQ' = ‘2, degQ" = 2, cm. pnc. 29. B stom cjiynae Q"' He 

MOHCeX dbITb BHCHHCH BCpHIHHOH. 06o3HaHHM HCpCS 6 pcSpO, CMCHCHOe C Q'", 

He coBnaflaiOHi,ee c Q"'Q" . Boshmcm 

El := E{G) \ {QQ',Q'Q",Q"Q"'} h E 2 := {QQ\Q’Q\Q”Q’'\e}. 

5IcHO, hto HOflflepCBbH, COOTBeTCTByK)HI,He El n E 2 , CBHSHbl. 

UodcAyuau: deg Q' = 2, deg Q" > 2. OdosnaHHM nepes A Bepninny, cmcjk- 
Hyio c Q'\ VI He coBna^aioHiyK) c BepninnaMH Q'" h Q' . Ecjih A — BHcanaa, 
CM. pHC. 30, B03bMeM 

El := E{G) \ {QQ',Q'Q",AQ"} h E 2 := {QQ\Q'Q\AQ\Q"Q"'}. 

BcHO, hto HOAgepeBbH, COOTBeXCTByiOH^He Ei Vl E 2 , CBHSHbl. 

Ecjih A ne HBJiHeTca bhchhch, to oSoshhhhm nepes B BcpniHHy, CMejKHyio 
c A H He coBnaflaioipyio c Q", cm. pnc. 31. Boshmcm 

El := E{G) \ {QQ', Q'Q", BA} h E 2 := {QQ', Q'Q", BA, AQ"}. 

IloflflepeBO, cooTBCTCTByiomee E 2 , ohchhaho, cbhsho. HtoSm floxasaTb, 
HTO HO^epeBO, COOTBCTCTByiOmee Ei, CBHSHO, flOCTaTOHHO ySe^HTbCH b tom, 
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HTO BepniHHa B — BHCHHaa. ^eHCTBHTejiBHO, ecjiH BepniHHa B ne HBjiaeTCH 
BHCHHeii, Tor^a Bepninna, CMe:*:HaH c S h ne coBna^aioiij^aH c A, naxo^HTca 
OT BepniHHbi P Ha GojibmeM paccTOHHHH, hgm BepniHHa Q. npoTHBopenne. 

□ 
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